CONG TY CO PHAN GIAO DUC THANG TIEN THANG LONG

PAI HOC QUOC GIA TP.HCM PE THI TUYEN SINH LGP 10 NAM 2015-2016

TRUGNG PHO THONG NANG KHIE U MON THI: TOAN (Chuyén)
Thoi gian: 150 phut

Bai 1: (2,0 di€m).
a) Giai phuong trinh v2x—1+v1-2x* =2yJx—-x? .

b) Cho céc sé a va b théa méan diéu kién Ya+ib=3: b—% . Chitng minh ring: -1<a<0.

Bai 2: (2,0 di€m).
a) Tim cdc s0 nguyén a, b, ¢ sao cho a+b+c=0 va ab+bc+ca+3=0.
b) Cho m la sé nguyén. Chitng minh ring né&u toén tai cdc sé nguyén a, b, ¢ khiac 0 sao cho
a+b+c=0 va ab+bc+ca+4m=0 thi ciing ton tai cdc sé nguyén a’,b,¢’ khic 0 sao cho
a+b +cd =0 va ab +bd +da +m=0.
¢) Véi k 1a s& nguyén duong, chitng minh ring khong ton tai cdc s6 nguyén a, b, ¢ khac 0 sao cho
a+b+c=0 va ab+bc+ca+2"=0.
Bai 3: (1,0 di€ém). Gia si phuong trinh 2x*+2ax+1-b=0 ¢é 2 nghiém nguyén (a, b 1a tham s6).
Chitng minh riing a’ —b’> +2 =0 la s6 nguyén va khong chia hét cho 3.
Bai 4: (3,0 di€m). Cho tam gidc ABC (AB < AC) c¢6 ¢ic géc nhon, ndi ti€p trong dudng tron tim O.
Goi M 1a trung di€m cta canh BC, E 1 diém chinh giita ctia cung nhé BC, F la di€ém d6i xiing clia
E qua M.
a) Ching minh ring EB’* = EF.EO.
b) Goi D la giao di€m ciia AE va BC. Chitng'minh céc diém A, D, O, F ciing thuoc mot dudng
tron.
¢) Goilla taim dudng tron noi ti€p tam giac ABC va P la diém thay ddi trén dudng tron ngoai
ti€p tam giac IBC sao cho P, O, F khong thing hang. Chitng minh ring ti€p tuyé&n tai P caa
dudng tron ngoai ti€p tam giac POF di qua mot diém cé dinh.
Bai 5: (2,0 di€ém). P& khuyé&n khich phong trao hoc tap, mot truong THCS di t6 chiic 8 dgt thi cho
cac hoc sinh. G mdi dgt thi,; c6 ding 3-hoc sinh dugc chon d€ trao gidi. Sau khi té chitc xong 8 dot
thi, ngudi ta nhan thay ring véi hai dgt thi bat ky luén cé ding 1 hoc sinh dugc trao gidi ¢ ca hai
dgt thi d6. Chiing minh ring:
a) Cé itnhat mot hoc sinh dugc trao gidi it nhat bon lan.
b) Cé diing mot hoc sinh dugc trao gidi 6 tat ca 8 dgt thi.
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PAI HQC QUfiC GIA TP.HCM PE THI TUYEN SINH LGP 10 NAM 2015-2016
TRUGNG PHO THONG NANG KHIEU MON THI: TOAN (Chuyén)

Thoi gian: 150 phut

GV THANG LONG HUONG DAN GIAI

Bai 1: (2,0 di€m).
a) Giai phuong trinh V2x —1+v1-2x% =2Jx—x* (1)

Cach 1:
le
2x-1>0 2
* A *A 2 2 1 1 \/5
biéu kién: <1-2x" >0 <= <{x" <— & —<x<—
250 2 2 2
X=X = X(I—X)>0

(1) & 2x-1+1-2x% + 242x - 1.1-2x* =4(X—x2)

2
<:>(\/2x—1—\/1—2x) 0o 2x—1=A1-2x* = 2x-1=1-2x"

Vay tap nghiém cua phuong trinh la: S = { 5

—1+\/§}

Cach 2:

Ta ching minh duge: a+b<4[2(a’ +b’), ddu “=" xdy ra khia = b.
Apdung bat dang trén, ta c6:

L2x 1+ 1-23 s\fz(zx—lu—zxz)

o 2x—T41-2x% <2vx—x?

d 9 . _ i
Dau ="’ xay ra khi 2x-1=1-2x> =x = 1 2\/5
N 1 2 1 1
Sové’idiéukiénnggg,tanhénX= J;\/g.vays:{ ;ﬁ}

’ 2 ~ oA VN 1 2, . Y
b) Cho cac sé a va b thoa man diéu kién {EJr% =3 b—z . Chitng minh rang: —-1<a<0.

Cach 1:
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1 1 1
bit u=3b—z;v:%;t=3/;:u3=b—z; v =h; t3=a:>u3—v3:—z
, 1
Taco:3/;+3/E:3b—zzt+v=u:u—v:t
Ta
sz 3 3 1 3 3 3 3 N A 3
Or-v=——uw-v<0Du <y :>u<v:>u—v<0mau—v=tnent<0:>\f;<0:>a<0

Mit khac, ta co:

_%zu —v' =(u- v) +3uv(u-v

=t +3t-

2 2
)=t3+3t.uv=t3+3t-(u+v) ~(uv)

(u+ v)2 —t ~ t +3t(u+ V)2
N 4

= -1=t +3t(ut+v) mat =anén-1=a+3t(u+v) =a+l=-3t(uty) 20(dot<0)=>a>-1
Cach 2:

Ta c6: b—%<b:3b—%<3b.Dodé: %/a_zsb—l—i/ﬁ<%—%/3:0:>a<0

2
Miit khéc: 3(%/3—%} >0:>3b%>i/b23[ j \/b 33b24 33b -1

1] 6

Do dé: a=>3 b—%—%z%—l—%=—l:>a2—l

Vay -1<a<0
Cach 3:

Tacé: X’ -y —(x y)(x +xy+y VA X 4Xy+y >0 nén x>y < x’ >y’

bat: x= «/_,y x/g Ta cé: x+y—«3,y —— .Suy ra: x—;/y ———y<0
Gia sui: x< -1, ta ¢o: #y N2~ —y+x<y-loy’ —Z<y —3y*+3y-1

2
<:>y2—y+%<0<:>(y—%] <0(v61y)

Do d6: x>-1<=a>-1
Vay -1<a<0

Bai 2: (2,0 diém).
a) Tim cdc so nguyén a, b, ¢ sao cho a+b+c=0 va ab+bc+ca+3=0.

Cédch 1:
Ta c6: az+b2+c2:(a+b+c)2—2(ab+bc+ca):62>32§6 ma a la s6 nguyén nén
e {-2-1;0;1;2}

THI:a =-2. Thé vao a+b+c=0 va ab+bc+ca+3=0, ta c6:
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2+b+c=0 c=-b+2 c=-b+2 b=1
& = &
~2b+be-2¢+3=0  |-2b+b(-b+2)-2(-b+2)+3=0 " |-b*+2b-1=0 |c=1
TH2:a =-1. Thé vao a+b+c=0 va ab+bc+ca+3=0, ta cé:
—1+b+c=0 c=-b+1 c=-b+1 c=2 c=-1
R R = hay
~b+be—c+3=0  |-b+b(-b+1)—(-b+1)+3=0 " |(b+1)(2-b)=0 " |b=-1 ° |b=2
TH3:a=0.Th& vao a+b+c=0 va ab+bc+ca+3=0, ta c6:
b+e=0 c=-b - c=-b
bc+3=0  |-b*+3=0  |b=23(loai vibe Z)
TH4:a=1.Thé& vao a+b+c=0 va ab+bc+ca+3=0, ta c6:
1+b+c=0 c=-b-1 c=-b-1 c=-2 c=1
= = & hay
b+be+c+3=0  |b+b(-b-1)+(-b-1)+3=0 " |-p*-b+2=0 |b=1 b=-2
TH5: a =2. Thé vao a+b+c=0 va ab+bc+ca+3=0, ta c6:
2+b+c=0 c=-b-2 c=-b-2 c=-1
= = &
2b+be+2¢+3=0  |2b+b(-b—2)+2(-b-2)+3=0 /|-b*-2b=1=0. |b=-1
vay (a5bse) e {(-25151),(—15-12),(-125-1),(151-2), (15-231)( 2-1-1)
Cach 2:
Ta c6: a+b+c=0 va ab+bc+ca=-3.
Do d6: a> +b* +¢? :(a+b+c)2 —2(ab+bc+ca)=6.
Do a, b, ¢ ¢6 vai tro nhu nhau nén ta ¢6 thé gia si: ‘a‘ > ‘b‘ > ‘c‘ Khi dé: 1< ‘a‘ <3.
Suy ra: ‘a‘:2:>a:2;a:—2
b+c=-2
b’ +c* =2
b+c=2

b’ +¢t =2

= Véia=2thi: { <Sb=c=-1= (a,b,c) = (2;—1;—1) va cac hoan vi.

= Véia=-2 thi: { <Sb=c=1= (a,b,c) = (—2;1;1) va cac hoan vi.

b) Cho m la s¢ nguyén. Chitng minh ring né&u ton tai cidc sé nguyén a, b, ¢ khiac 0 sao cho
a+b+c=0 va ab+bc+ca+4m=0 thi ciing ton tai cdc s6 nguyén a’,b/,¢’ khiac 0 sao cho

a+b +c=0vaab +bcd +da +m=0.

Cach 1:

Tacé: a’ +b’ +c* :(a+b+c)2 —Z(ab+bc+ca):8m

=a’+b’ +(—a—b)2 =8m=a’>+ab+b’=4m

Do 4m la s6 chin nén a> +ab+b’ 1a sé chin = a, b @éu chan. Ta dit a=2a’;b=2b’

Khi do, ta co:

(Za/)2+(2a’)(2b/)+(2b/)2 =4m < a’? +a'b’ +b”? =m<:>(a’+b/)2—a’b’ =m
c>(a’+b’).(a’+b’)—a’b’ =m

Chon ¢ =—(a’+b’),ta coa +b +¢ =0 va (a’+b’).c/—a’b’ =m<ab +b/d +da’ +m=0
Cach 2:

Ta c6: a+b+c=0 la sé chin. Xét 2 trudng hop:
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THI: Trong 3 s6 a, b, ¢ c6 hai s6 1é va mét sé chiin.

Khong mat tinh tdng quat, gia si a, b1é va c chan.

Ta cé: ab 18, be chan, ca chin. Do dé: ab+bc+ca+4m la s 1é. Piéu nay trai véi gia thié't (vi
ab+bc+ca+4m=0: la sé chan)

Vay khong xay ra truong hgp nay.

TH2: C4 ba sé a, b, ¢ déu chin. Pat a=2a"';b=2b";c=2c' (a’, b’, ¢’ 1a cdc s& nguyén khac 0)
T a+b+c¢=0.Tacé: 2a“+2b'+2¢c'=0<a'+b'+c'=0

Vi ab+bc+ca+4m=0.Ta c6: 4a'b+4b'c'+4c'a+4dm=0<a'b'+b'c'+c'a+m=0

¢) Véik la sé nguyén duong, chitng minh ring khong ton tai cic sé nguyén a, b, ¢ khic 0 sao cho
a+b+c=0 va ab+bc+ca+25=0

Cach 1:
Gia sif ton tai cdc s6 nguyén a, b, ¢ khiac 0 sao cho a+b+c=0 va ab+be+ca+2* =0
Ap dung ciu b) ta c6: a,b,,c, 1a cic s6 nguyén khic 0 sao cho:

a +b +c,=0;a b +bc +ca +22=0

Ti€p tuc 4p dung ciu b) va qua trinh nay ti€p tuc maii, ta s& dé€n cé cac s6 nguyén a’, b’, ¢’ khac

0 thoa man:
a'+tb'+c'=0 _ |la+b%+c'=0
hoéc
a'b+b'c+c'a+1=0 a'b+b'c+c'a+2=0

Do dé: a®+b%+c® :2(1) hoic a” +b%+c” = 4(2)
Via’, b’, ¢’ khiac 0 nén (1), (2) khong xay ra.
Vay khong ton tai cdc s6 nguyén a, b, ¢ khiac 0 sao cho a+b+c=0 vaab+bc+ca+2=0
Cach 2:
* Vé6i k=0 tacé: a+b+c=0;ab+bctrac=-1 thia’ +b’> +¢’ =2(3)
Khong ¢6 bd ba s6 nguyén a,b,c = 0 thoa (3)
" Véi k=1 thi a+b+c=0;ab+besca=—2 khi dé: a*+b* +¢* =4(4) .
Gia st ‘a‘ nhé nha't khi dé: 1<a’ <2 (khdng c6 a théa). Khong ton tai a, b, ¢ nguyén khac 0
thoa (4).
= Véik>1
> Né&uk chin, dit k= 2n ta c6: a+b+c=0;ab+bc+ca+4" =0, theo cau a) ton tai a,b,c,
nguyén théa: a +b +c, =0;ab +bc +ca +4"" =0
Tuong ty sé dugc: a ,b ,c nguyénthéa a +b +c =0;ab +bc +ac = —l(vﬁ nghiém).
> Néu k 1é d@it k=2n+1 ta c6: a+b+c=0;ab+bc+ca+2.4"=0, lam tuong ty trén ta
dugec:
a +b +¢ =0;ab +bc +ac = —I(Vf) nghiém)

Vay khéng ton tai cdc sd a, b, ¢ khéc 0 théa dé bai.

Bai 3: (1,0 di€ém). Gia si phuong trinh 2x*+2ax+1-b=0 cé 2 nghiém nguyén (a, b 1 tham s§).
Chitng minh ring a> —b’> +2 =0 la sé6 nguyén va khong chia hé&t cho 3.

A'=a2—2(1—b)20

Goi x,x, la hai nghiém nguyén cia phuong trinh da cho. Theo hé thifc Vi-ét, ta cé:
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CONG TY CO PHAN GIAO DUC THANG TIEN THANG LONG

1-b Dodé: 2> —b* +2=(x, +x,) —(1-2xx,) +2 1a 56 nguyén vi x,,x, 1a s6 nguyén.
Xl.X2 =—
2
+ Tacé: m’* (me Z) chia cho 3 du 0 hosic 1. (¥)
That vay, dit m:3k+r(ke Zre {0;1;—1})
Do dé: m* = (3k+ r)2 = 3(3k2 +2kr)+ r* chia cho 3 du 0 hoic 1.
£ Tacé: a*-b*+2= (x1 +X, )2 —(1—2x]x2 )2 +2= (x]2 +X,7 —X X, +1)+3(x1x2 —xlzxzz) (%)
= Néu x,i3 va x,i3 thi (x'+x,’—x’x,’ )\§(theo(*)) = (**)chia 3 du 1 . Do dé:
<a2 -b +2) khong chia hé&t cho 3.
* Né&u x,:3 va x, khong chia hét cho 3 hoic x, khong chia hét cho 3.va x,\d thi
(% +x,” —x,’x,’) chia cho 3 du 1 (theo (¥))=> (**) chia 3du2: Do d6: (a’ —b* +2) khong

chia hét cho 3.
* Né&u x, khong chia hét cho 3 va x, khong chia hé&t cho 3 thi (x12 +x57 —xlxzz) chia cho 3

dul
(theo (¥*)) = (**) chia cho 3 du 2. Do d6: (a2 -b +2) khéong chia hé&t cho 3.

Vay a’ —b’ +2 1a s0 nguyén va khong chia hét cho 3.

Bai 4: (3,0 di€m). Cho tam giic ABC (AB <AC) ¢6 cidc goc nhon, ndi ti€p trong dudng tron tim O.
Goi M la trung di€m ciia canh BC, E 1a di€m chinh giita ctia cung nhé BC, F la di€m déi xing cua
E qua M.
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|| a) Chifng minh riing EB’ = EF.EO. ||

Vé EQ la duong kinh cia (O).

Ta co:
0,M,E théng hang(OE L BC;0M L BC)
E,M,F thang hang(gt) = Q,0,F,M,E thing hang.
Q,0,E (dk (0))

Ta c6: EB’ = EM.EQ(AEBQ vudng tai B c6 duting cao BM)

= EB’ = %.Z.OF — EB’? = EF.EO

|| b) GoiD la giao di€m cia AE va BC. Chitng minh cac diém A, D, O, F cung thuéc mot dudng tron.

Ta co:

OAD = OED (AODE can ti O) . .
. ) = OAD = DFM
OED = DFM(tinh chit doi xing cta E va F qua BC)

= T gidc ADFO ndi ti€p (...) = A,D,F,0 cung thuéc mot dudng tron.

¢) Goilla tam duong tron ndi ti€p tam gidc ABC va P 1a diém thay déi trén dudng tron ngoai
ti&p tam gidc IBC sao cho P, O, F khong thing hang. Chiing minh ring ti€p tuyé&n tai P cha dudng
tron ngoai ti€p tam giac POE di qua mot diém cd dinh.

Vé Px la ti€p tuyén cua (OEP) tai P.

= xPF = POF(gnt va goc 6 tam cung chin PF cua (POF)) (1)

Ta c6: EIB=IAB+IBA (géc ngoai ciia AABI)=EBC +IBC = IBE
= AEIB cin tai E = EI=EB=EC=1,B,C<(E) = Ela tam ciia (BIC):>EP=EB<P,B€(E))
= EP? =EF.EO(EB2 =EF.E0) = AEPE © AEOP(c—g—¢) = EPF = POF (2)

Tu (1) va (2) = FPE=EPx = Px=PE
= Px di qua E ¢6 dinh (do E la tam eiia (BIC) ¢ dinh do B, I, C ¢ dinh)
= ti€p tuyén Px cia (OFP) di qua diém E cd dinh.

Bai 5: (2,0 di€m). P& khuyé&n khich phong trao hoc tap, mét truong THCS di t6 chic 8 dgt thi cho
cac hoc sinh. O mdi dot thi, c6 diing 3 hoc sinh dugc chon d€ trao gidi. Sau khi té chifc xong 8 dot
thi, ngu®i ta nhan thay ring véi hai dot thi bat ky luén cé ding 1 hoc sinh dugc trao gidi & ca hai
dot thi d6. Chitng minh riing:
a) Cé it nhat mot hoe sinh dugc trao giai it nhat bon 1an.
Cich 1: Xét dot thi thit nhat. Theo dau bai cé ding 1 hoc sinh dugc trao gidi trong hai dgt thi
bat ki, vi vay trong 7 d¢t thi con lai, trong ba hoc sinh dugc trao giai dgt thi thit nhat c6 mot
hoc sinh dugc trao gidi it nhat 31an (vi 7:3=2 (du 1))
Vay ¢6 mdt hoc sinh duge trao gidi it nhat bon lan.
Cach 2:
Gia st A, 1a tap 3 ban dat gidi trong dgt thi thi nhit. Tueng ty véi A,,...,A

8

Ta co: A, = {a,b,c}. Vi A NA_i =27§ c6 ding mot hoc sinh nén cdc hoc sinh a, b, ¢ xuit hién

trong 7 tip A,,...,A, va khong c6 hai ban nao xuét hién cing mét tip. Do d6 theo nguyén ly
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Dirichlet thi ¢c6 mét hoc sinh thugc it nhat 3 tip trong cic tap A,,...,A, . Khi d6 hoc sinh nay cé

xudt hién trong it nhi't 4 tap, hay dugc nhian thudng it nhat 4 1an.

B

C6 ditng mét hoc sinh dugc trao gidi ¢ tit ca 8 dot thi.

Cach 1:

T ciu a) giad s’ a 1a hoc sinh dugc trao giai ¢ bon dgt thi. Xét mét dgt thi bat ki trong bon dgt
thi con lai. Vi c6 ding mét hoc sinh dugc trao gidi trong hai dgt thi bat ki. Do vay dgt thi nay,
bon dgt thi mdi dot cé 1 hoc sinh dudc trao gidi. Nhu' vdy hoc sinh dé phai la a (né€u khong phai
12 a thi d¢t nay cé dén 4 hoc sinh dugc trao giai). Vi xét dgt thi bat ki nén a dugc trao gidi trong
bon dgt thi con lai. a dugc trao giai ¢ tat ca 8 dgt thi.

VAay ¢6 ding mot hoc sinh dugce trao gidi ¢ tat ca 8 d¢t thi.

Cach 2:

Theo cdu a), c6 mdt hoc sinh a nhan thuéng dugc it nha't 4 1an, gia si1a tir 1an 1 d&n l1an 4. Hay
a thuoc A,A,A,,A, . Khi d6 né€u a khong nhan thuéng trong 8 14n, titc 1a c6 mét 14n a khong
nhén thudéng. Gid st 1a lan 8, tic 1a a khong thuje A,.

Khi dé : A nA; la mot hoc sinh nén c6 hoc sinh b= a thuge Ay, tuong tu c6 hoc sinh ¢, d, e l1an
lugt thuoc A,,A,,A, ciing thuoc A;. Honnita b, ¢, d, e phai phan biét. Do dé A, chia it nhat 4
phan ti (v6 1y). Vay c6 mot hoc sinh thudc 8 tap hgp, hay nhan thudng 8 1an. Va khéong cé hai
hoc sinh nio cliing nhian thuéng hai 1an nén chi cé diing mot hoc sinh théa.
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